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String Modular Motives of
Mirrors of Rigid Calabi-Yau Varieties
Savan Kharel, Monika Lynker, and Rolf Schimmrigk
Abstract. The modular properties of some higher dimensional varieties
of special Fano type are analyzed by computing the L-function of their
Ω−motives. It is shown that the emerging modular forms are string theo-
retic in origin, derived from the characters of the underlying rational con-
formal field theory. The definition of the class of Fano varieties of special
type is motivated by the goal to find candidates for a geometric realiza-
tion of the mirrors of rigid Calabi-Yau varieties. We consider explicitly
the cubic sevenfold and the quartic fivefold, and show that their motivic
L-functions agree with the L-functions of their rigid mirror Calabi-Yau
varieties. We also show that the cubic fourfold is string theoretic, with a
modular form that is determined by that of an exactly solvable K3 surface.
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1. Introduction
In this paper we continue the program of applying methods from arith-
metic geometry to the problem of understanding the question how spacetime
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emerges in string theory, more precisely, the relation between the physics on
the worldsheet and the nontrivial geometric component of spacetime. The fo-
cus here will be on a class of varieties that have been discussed in the context
of mirror symmetry for rigid Calabi-Yau spaces [26, 6, 27]. These manifolds
are higher dimensional spaces, characterized by the existence of a nontrivial
cohomology group Hn−(Q−1),(Q−1)(X), where n = dimCX and Q ≥ 1 is an
integer. In particular Hn−i,i(X) = 0 for 0 ≤ i < Q − 1 if Q > 1, and for
Q = 1 this class of varieties reduces to manifolds Calabi-Yau type. For Q > 1
spaces of this type were called Fano manifolds of special type in [26, 27], and
generalized Calabi-Yau manifolds in [6]. The latter name has in the meantime
generally been adopted for Hitchin’s generalization of Calabi-Yau varieties.
We will call these spaces special Fano manifolds of charge Q. In the context
of exactly solvable models manifolds of this type are distinguished by the fact
that the number of tensor factors of N = 2 supersymmetric minimal mod-
els exceeds the number of variables normally associated with the standard
relation between the central charge and the dimension of the variety.
Our goal is to show that, in complete analogy to the case of Calabi-Yau
varieties considered in [30, 31] and references therein, the arithmetic ge-
ometry of Fano varieties of special type encodes features of the underlying
conformal field theories. In particular the L-function of the Ω−motive, con-
sidered in [30, 32] in the context of Calabi-Yau varieties, generalizes to the
class of Fano varieties of special type. We will show that for those members
in this class that are expected to be mirrors of rigid Calabi-Yau manifolds
the inverse Mellin transform of the L-function of the Ω−motive with a Tate
twist of charge (Q − 1) is a modular form of weight four which decomposes
into factors derived from the underlying conformal field theory.
In the context of finding mirrors of rigid Calabi-Yau manifolds two vari-
eties are of particular interest. The first is the cubic sevenfold
(1.1) X37 =
{
(z0 : · · · : z8) ∈ P8
∣∣∣ 8∑
i=0
z3i = 0
}
whose Hodge decomposition of the intermediate cohomology is given by
h7,0(X37 ) = h
6,1(X37 ) = 0
h5,2(X37 ) = 1
h4,3(X37 ) = 84(1.2)
The second variety is the quartic fivefold
(1.3) X45 =
{
(z0 : · · · : z6) ∈ P(1,1,1,1,1,1,2)
∣∣∣ 5∑
i=0
z4i + z
2
6 = 0
}
,
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with a Hodge decomposition of the intermediate cohomology that is given by
h5,0(X45 ) = 0
h4,1(X45 ) = 1
h3,2(X45 ) = 90.(1.4)
The motivation for considering these hypersurfaces is that their cohomol-
ogy suggests that they are related to conformal field theories at central charge
c = 9. The geometric cohomology projection of [26, 27] and the period com-
putation of [6] furthermore suggest that they are of relevance in the context
of rigid mirrors of Calabi-Yau threefolds.
We first show that the Tate twisted Ω−motives of these varieties are mod-
ular in terms of Hecke eigenforms of weight four which are induced by string
theoretic modular forms of elliptic type. The latter factor into Hecke indefi-
nite modular forms of weight one associated to the affine Lie algebra A
(1)
1 . Let
Xdn be a hypersurface of degree d and dimension n, and denote by L
Q−1
Ω (X
d
n, s)
the L-function of the Ω−motives MΩ(Xdn) of the variety Xdn with the neces-
sary Tate twist of charge (Q − 1). Denote by Θkℓ,m(τ) = η3(τ)ckℓ,m(τ) the
theta functions defined in terms of the Dedekind eta function η(τ) and the
Kac-Peterson string functions ckℓ,m(τ). The Hecke indefinite modular forms
Θkℓ,m(τ) are associated to the affine Lie algebra A
(1)
1 of the underlying ratio-
nal conformal field theory. Finally, we denote by χ2 denote the Legendre
character, and set q = e2πiτ .
Theorem 1. Let (n, d) ∈ {(7, 3), (5, 4)}. The inverse Mellin transforms
fQ−1Ω (X
d
n, q) of the L-functions L
Q−1
Ω (X
d
n, s) of the Ω−motive with a Tate twist
of charge (Q−1) are modular forms in S4(Γ0(N)) with N ∈ {9, 64}, described
by the algebraic Hecke characters ψd3
(1.5) fQ−1Ω (X
d
n, q) = f(ψ
3
d3 , q).
The modular forms f(ψd3 , q) ∈ S2(Γ0(d3)) are of elliptic type, and factor into
string theoretic Hecke indefinite modular forms as
f(ψ27, q) = Θ
1
1,1(q
3)Θ11,1(q
9)
f(ψ64, q) = Θ
2
1,1(q
4)2 ⊗ χ2.(1.6)
This result provides an interpretation of the L-function of the twisted
Ω−motive of these varieties in terms of modular forms on the string world-
sheet theory of exactly solvable Gepner models at central charge c = 9, with
nine and six minimal N = 2 supersymmetric factors, respectively. The twist
character χ2 is the quadratic character of the field of quantum dimensions of
the underlying affine Lie algebra A
(1)
1 [28, 23, 29].
The characters ψ27 and ψ64 are the complex multiplication Hecke char-
acters associated to the elliptic Brieskorn-Pham curves E3 ⊂ P2 and E4 ⊂
P(1,1,2) of conductor 27 and 64, respectively. These tori are exactly solvable
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and their string theoretic modular forms have been determined in [33] and
[23], respectively, to factor as
f(E3, q) = Θ11,1(q
3)Θ11,1(q
9)
f(E4, q) = Θ21,1(q
4)2 ⊗ χ2.(1.7)
Their appearance in the context of the two Fano varieties X37 and X
4
5 suggests
to consider resolutions Xd3 of quotients of triple products of elliptic curves
(Ed)3 for d = 3, 4, and to compare their L-functions with those of the special
Fano varieties determined in Theorem 1. Define Zd := Z/dZ. It turns out
that there are actions of Zd × Zd on (Ed)3 such that the resolved manifolds
Xd3 of the quotient threefolds (E
d)3/Zd × Zd have the appropriate mirror
cohomology of the special Fano varieties Xdn for d = 3, 4
h1,1(X33 ) = 84
h1,1(X43 ) = 90.(1.8)
Combining Theorem 1 with results by Cynk and Hulek [7] leads to the fol-
lowing corollary.
Theorem 2. The varieties Xd3 , d = 3, 4, are rigid Calabi-Yau manifolds
whose L-functions of the intermediate cohomology are modular and agree with
the L-functions of the special Fano varieties Xdn with (d, n) ∈ {(3, 7), (4, 5)},
respectively.
We interpret the string theoretic modularity of the special Fano varieties
X37 and X
4
5 , together with the agreement of their motivic L-functions with
those of their corresponding rigid Calabi-Yau spaces, as further support for
the interpretation of certain higher dimensional Fano varieties of special type
as mirrors of rigid Calabi-Yau manifolds. It would be of interest to extend
our arithmetic analysis of the mirror pairs (Xdn, X
d
3 ) to families by using the
methods developed in [3, 4], and further considered in [19, 20, 21, 5].
The modular analysis described here generalizes to other dimensions and
central charges. To illustrate this we consider a third Fano variety of special
type, defined by the cubic fourfold
(1.9) X34 =
{
(z0 : · · · z5) ∈ P5
∣∣∣ 5∑
i=0
z3i = 0
}
,
whose Hodge decomposition of the intermediate cohomology is given by
h4,0(X34 ) = 0
h3,1(X34 ) = 1
h2,2(X34 ) = 21.(1.10)
For this variety we obtain the following string theoretic interpretation. Let
ϑ(q) denote a modular form of weight one to be defined later in the paper.
Theorem 3. The inverse Mellin transform f 1Ω(X
3
4 , q) of the L-series of
the Tate twisted Ω-motive of the cubic fourfold X34 is a modular form of weight
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three and level 27, which factors into Hecke indefinite modular forms as
(1.11) f 1Ω(X
3
4 , q) = ϑ(q
3)Θ11,1(q
3)Θ11,1(q
9) ∈ S3(Γ0(27)).
This form is identical to the modular form of the Ω−motive of the K3 surface
(1.12) S6 =
{
(z0 : · · · z3) ∈ P(1,1,1,3)
∣∣∣ z60 + z61 + z62 + z23 = 0} ,
i.e. f 1Ω(X
3
4 , q) = fΩ(S6, q). It has complex multiplication and is determined by
the Hecke character ψ27 of weight 2 associated to the Eisenstein field Q(µ3)
(1.13) f 1Ω(X
3
4 , q) = f(ψ
2
27, q).
The modularity of the cubic fourfold has independently been considered by
Goto [9] and also by Hulek and Kloosterman [12]. The string theoretic in-
terpretation based on the affine algebra A
(1)
1 follows from the results of [30].
2. Fano varieties of special type
In this section we briefly review the characterization of Fano varieties of
special type introduced in [26, 6, 27], adopting the notation of [26, 27]. Let
Q,Dcrit ∈ N and set s = Dcrit+2Q−1. We consider the class of hypersurfaces
in weighted projective space P(k0,...,ks) with weights ki chosen such that
(2.1) d =
1
Q
s∑
i=0
ki
is an integer, defining the degree of the polynomial that determines the variety
(2.2) Xds−1 =
{
(z0 : · · · : zs) ∈ P(k0,...,ks)
∣∣∣ p(z0, ..., zs) = 0, deg p = d} .
The integer Q has the physical interpretation of a charge of the underlying
physical theory, and Dcrit can be viewed as the critical complex dimension
of the corresponding Calabi-Yau manifold in those cases where it can be
constructed. It is determined by the central charge c of the conformal field
theory as c = 3Dcrit.
Alternatively, varieties X of this type can be characterized by their first
Chern class
(2.3) c1(X) = (Q− 1)c1(N ),
where c1(N ) is the first Chern class of the normal bundle N of X ⊂ P(k0,...,ks).
For Q = 1 this construction therefore recovers the class of Calabi-Yau hyper-
surfaces for arbitrary dimensions, while for Q > 1 these hypersurfaces have
positive first Chern class and hence do not a priori describe consistent string
vacua, but instead define a sub-class of Fano varieties. It was shown in
[26, 27] that these varieties nevertheless are closely related to string vacua
in the critical dimension Dcrit = s + 1 − 2Q in the sense that it is possible
to derive the massless spectrum of critical vacua from the cohomology of the
special Fano (s−1)−folds via a geometric projection. For particular classes of
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these special Fano varieties it is also possible to construct the critical Calabi-
Yau manifold explicitly via this projection, in which case the charge Q has
the meaning of the codimension of the critical manifold. More intrinsically,
we can therefore write
(2.4) Dcrit(X) = dimCX + 2(1−Q).
The essential ingredient of our arithmetic analysis below is the existence
of a nontrivial cohomology group Hn−(Q−1),(Q−1)(X). We therefore use this
feature as the characterizing property.
Definition. A Fano variety is called special and of charge Q, if it has a
nonvanishing cohomology group Hn−(Q−1),(Q−1)(X).
Interest in this class of manifolds arose originally because they provide
a geometric framework for N = 2 exactly solvable Gepner models which do
not have Ka¨hler deformations, hence they provide candidates for the mirrors
of rigid Calabi-Yau varieties [26, 6, 27]. A toric description of these special
Fano spaces was subsequently given by Batyrev and Borisov [1], and Batyrev
and Dais [2]. A discussion of Lagrangian subvarieties in the context of the
Strominger-Yau-Zaslow mirror conjecture [36] was given by Leung [22].
3. String theoretic modular forms
3.1 The simplest class of N=2 supersymmetric exactly solvable theories
are built in terms of the affine Lie algebras. A construction of such non-
twisted affine Kac-Moody algebras, is provided by the extension [16]
(3.1) Gˆ = LG⊕ Ck ⊕ Cd
of the loop algebra
(3.2) LG = G⊗ C[t, t−1]
by the central extension k and d = t d
dt
. In terms of the generators Ja ⊗ tm
the algebra takes the form
(3.3) [Ja ⊗ tm, J b ⊗ tn] = ifabc Jc ⊗ tm+n + kmδabδm+n,0.
The representations of this algebra can be parametrized by affine roots λˆ =
(λ, k, n) of the Cartan-Weyl subalgebra {H i0, Eα0 , L0}, with i = 1, ..., r, where
r denotes the rank of the underlying Lie algebra G. For fixed affine level k of
the theory the characters χλˆ are essentially parametrized by the weight λ of
the representation. For the reduced characters of an affine Lie algebra Gˆ at
level k the characters transform as
(3.4) χλˆ(−1/τ) =
∑
µˆ∈P k+
Sλˆ,µˆχµˆ(τ),
where the modular S-matrix takes the form
(3.5) Sλˆ,µˆ =
i|∆+|√|P/Q∨|(k + g)r
∑
w∈W
ǫ(w)e−2πi
<w(λ+ρ),µ+ρ>
k+g .
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Here P =
∑
i Zωi denotes the lattice with fundamental weights ωi defined
by < ωi, α
∨
j >= δij via co-roots α
∨
j =
2α
<α,α>
. Q∨ =
∑
i Zα
∨
i is the co-root
lattice and P/Q∨ denotes the lattice points of P lying in an elementary cell
of Q∨, while |P/Q∨| describes the number of points in this set. P k+ is the set
of all dominant weights at level k, and ǫ(w) = (−1)ℓ(w) is the signature of the
Weyl group element w, where ℓ(w) is the minimum number of simple Weyl
reflections that w decomposes into. ∆+ is the number of positive roots in the
Lie algebra G.
3.2 Supersymmetric string models can be constructed in terms of confor-
mal field theories with N = 2 supersymmetry. For the present discussion the
important structure is determined by the affine Lie algebra A
(1)
1 , which pro-
vides the essential building block of the supersymmetric theory. It turns out
that of particular importance are the Hecke indefinite modular forms which
can be defined as
(3.6) Θkℓ,m(τ) =
∑
−|x|<y≤|x|
(x,y) or ( 12−x,
1
2+y)
∈Z2+( ℓ+12(k+2) ,
m
2k )
sign(x)e2πiτ((k+2)x
2−ky2)
Related to these forms are the string functions ckℓ,m(τ) = Θ
k
ℓ,m(τ)/η
3(τ) of
Kac-Peterson [17, 18], which are of immediate physical relevance because
they appear in the N = 2 superconformal characters χkℓ,q,s(τ)
(3.7) χkℓ,q,s(τ, z, u) =
∑
ckℓ,q+4j−s(τ)θ2q+(4j−s)(k+2),2k(k+2)(τ, z, u),
where the theta functions θm are defined as
(3.8) θn,m(τ, z, u) = e
−2πimu
∑
ℓ∈Z+ n
2m
e2πimℓ
2τ+2πiℓz.
These characters in turn define the partition function of the conformal field
theory.
The theta functions Θkℓ,m(τ) are associated to quadratic number fields
determined by the level of the affine theory. These are modular forms of
weight one and cannot, therefore, be identified with the geometric modular
form. It turns out, however, that appropriate products do lead to interesting
forms [33, 23, 29, 30, 31].
4. L−functions of Ω−motives
For a general smooth algebraic variety X reduced mod p the congruence
zeta function of X/Fp is defined by
(4.1) Z(X/Fp, t) = exp
(∑
r∈N
#(X/Fpr)
tr
r
)
.
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Here the sum is over all finite extensions Fpr of Fp of degree r. Per definition
Z(X/Fp, t) ∈ 1+Q[[t]], but the expansion can be shown to be integer valued
by writing it as an Euler product.
The proof by Grothendieck [10] of part of the Weil conjectures [40] asserts
that the zeta function is a rational function determined by the cohomology
of the variety
(4.2) Z(X/Fp, t) =
∏n
j=1P2j−1p (t)∏n
j=0P2jp (t)
,
where dimCX = n, and P ip(t) is a polynomial P ip(t) =
∑bi
j=0 β
i
j(p)t
j associated
to the ith cohomology group with degrees bi given by the i
th Betti number bi =
dimH i(X). This result motivates the introduction of L−functions associated
to the polynomials P ip(t), thereby reducing the complexity of the congruent
zeta function.
In the context of the string theoretic modularity problem the L-function
associated to the full cohomology group of a variety is a physically useful
object only in the case of elliptic curves. In higher dimensions these functions
are in general not modular. This motivates the consideration of a factorization
of L−functions, and to ask whether modular forms emerge from the emerging
pieces, and if so, whether these modular forms admit a Kac-Moody theoretic
interpretation.
It was shown in refs. [30, 32], in the context of establishing string theo-
retic modularity of certain Calabi-Yau varieties, that a useful way to factorize
the cohomological L-functions of Calabi-Yau varieties is to consider subspaces
of the cohomology defined by Galois orbits of the holomorphic n−forms Ω,
n = dimCX , where the Galois groups are defined in an inherent way by the
arithmetic of the variety. The resulting L-functions have rational coefficients,
and therefore can in principle admit a string theoretic interpretation along the
lines discussed in [33, 23, 29, 30, 31, 32]. In this paper we generalize this
strategy to the case of Fano varieties of special type by considering the orbit
motive of a Galois representation determined by the generator of the cohomol-
ogy group Hn−(Q−1),Q−1(X) with Q > 1. We continue to denote the generator
of this group by Ω, and denote the motive byMΩ(X). The goal is to compute
the L-series associated to this motive, and to find a string theoretic interpre-
tation of this function, following the strategy used in [30, 32]. More precisely,
we need to consider motives with Tate twists, introduced by Tate in the con-
text of the Tate conjectures, which assert that certain subgroups of the ith
twists H2i(X)(i) of the cohomology groups H2i(X) are generated by classes of
algebraic cycles [37, 38] (see also [34]). In the present context we consider for
any special Fano variety of charge Q the twisted omega motiveMΩ(X)(Q−1)
and its L-function, which we will denote by LQ−1Ω (X, s) = L(MΩ(X)(Q−1), s).
We will call MΩ(X)(Q−1) the Ω−motive with a Tate twist of charge (Q−1),
or simply the omega motive of charge (Q− 1)
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In analogy to the general considerations in [30, 32] for the class of Calabi-
Yau varieties in arbitrary dimensions, we can ask the following for the class
of Fano varieties of special type.
Question 1. Is the L-function LQ−1Ω (X, s) of the Ω−motive MΩ(X)(Q − 1)
of charge (Q− 1) of a special Fano variety of charge Q always modular?
Question 2. Can modular inverse Mellin transforms of LQ−1Ω (X, s) be ex-
pressed in terms of Hecke indefinite modular forms associated to Kac-Moody
algebras?
It will become clear below that the answer to this question is affirmative,
at least for certain examples. In such cases the L-function can be viewed
as a map that takes motives and turns them into conformal field theoretic
objects. More challenging, in part because of the lack of definition of some of
the terms, therefore would be the following picture.
Conjecture:
The L-function is a functor from the additive category of motives of special
Fano type to the multiplicative category of N = 2 supersymmetric conformal
field theories.
The basic outline described below is a generalization of the method based
on Jacobi sums of weighted projective spaces described in [30] in the con-
text of K3 surface modularity, and in [32] for higher dimensional Calabi-Yau
varieties.
5. Modularity of Hecke L-series
The modularity of the L-series determined in this paper follows from the
fact that they can be interpreted in terms of Hecke L-series associated to
Gro¨ßencharacters, defined by Jacobi sums. A Gro¨ßencharacter can be as-
sociated to any number field. Hecke’s modularity discussion [11] has been
extended by Shimura [35] and Ribet [24].
Let K be a number field and σ : K −→ C denote an embedding.
Definition. A Gro¨ßencharacter is a homomorphism ψ : Im(K) → C× of
the fractional ideals of K prime to the congruence integral ideal m such that
ψ((z)) = σ(z)w−1, ∀K× ∋ z ≡ 1(mod×m).
In the present case the cyclotomic Jacobi sums determined by the finite
field Jacobi sums computed above arise from imaginary quadratic fields, in
which case the structure of these characters simplifies. Consider an imagi-
nary quadratic field K with discriminant −D and denote by ϕ the Dirichlet
character associated to K, viewed as a mod D character. Define a second
Dirichlet character λ defined mod Nm by setting
(5.1) λ(a) = ψ((a))/σ(a)w−1, a ∈ Z.
The product of ϕ and λ then determines the nebentypus character of the
modular form determined by Hecke character ψ.
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Denote by Np the norm of prime ideal p, and by
(5.2) L(ψ, s) =
∏
p∈Spec OK
(
1− ψ(p)Np−s)−1
the Hecke L-series associated to the character ψ. The modularity of the
corresponding q−series f(ψ, q) = ∑n anqn associated to the L-series via the
Mellin transform is characterized by the following result of Hecke.
Theorem 4. The power series f(ψ, q) is a cusp form of weight w and
character ǫ = ϕλ on Γ0(DNm). If p |/ DNm then f |Tp = apf , where Tp are
the Hecke operators.
6. Special Fano varieties with critical dimension three
The focus in this paper will be on Fano varieties of Brieskorn-Pham type,
hence the computation of their L-functions can proceed via their Jacobi sums
[40, 41].
Theorem 5. For a smooth weighted projective hypersurface with degree
vector n = (n0, ..., ns)
(6.1) Xn = {b0zn00 + b1zn11 + · · ·+ bsznss = 0} ⊂ P(k0,k1,...,ks),
defined over the finite field Fq, for q = p
r, r ∈ N, set di = (ni, q − 1) and
denote by Aq,ns the set of rational vectors α = (α0, α1, . . . , αs) given by
(6.2)
Aq,ns =
{
α ∈ Qs+1
∣∣∣ 0 < αi < 1, diαi = 0 mod 1, s∑
i=0
αi = 0 (mod 1)
}
.
For each (s+ 1)−tuple α define the Jacobi sum
(6.3) jq(α) =
1
q − 1
∑
ui∈Fq
u0+u1+···+us=0
χα0(u0)χα1(u1) · · ·χαs(us),
where χαi(ui) = e
2πiαimi with integers mi determined via ui = g
mi, where
g ∈ Fq is a generator. Then the cardinality of Xn/Fq is given by
(6.4) Nq(X
n) = 1 + q + · · ·+ qs−1 +
∑
α∈A
q,n
s
jq(α).
With these Jacobi sums one defines for primes p such that d|(pf − 1) for
some f ∈ N the polynomials
(6.5) Ps−1p (t) =
∏
α∈Ans
(
1− (−1)s−1jpf (α)
∏
i
χ¯αi(bi)t
)1/f
and the associated L-function is given as a product over all good primes p
(6.6) L(j)(X, s) =
∏
p
(Pjp(p−s))−1.
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The completion of the L-function at the bad primes will not be of relevance
in the following.
The two varieties considered here in the context of Dcrit, i.e. Gepner mod-
els with central charge c = 9, are odd-dimensional, hence the rational form of
the congruent zeta function for a projective hypersurface of odd−dimension
s takes the form
(6.7) Z(Xs−1/Fp, t) =
Ps−1p (t)
(1− t)(1− pt) · · · (1− ps−1t) .
We also consider a Fano variety corresponding to a K3 surface, i.e. a Gepner
model with central charge c = 6. In this case the smooth Fano variety is of
complex dimension four and the zeta function is of the form
(6.8) Z(X34/Fp, t) =
1
(1− t)(1− pt)P4p (t)(1− p3t)(1− p4t)
.
In all these examples there is therefore only one interesting cohomological
L-function. It turns out that these L-functions are not themselves of interest
and that it is more useful to consider the L-function of the Ω−motive. In all
three examples the order of the Galois group is two, hence the motive is of
dimension two. Denoting the Jacobi sum associated to the Ω−form by jp(αΩ)
the polynomial of the Ω−motive takes the form
(6.9) PΩp (t) =
(
1− jpf (αΩ)tf
)1/f (
1− jpf (α¯Ω)tf
)1/f
,
where α¯Ω := 1− αΩ is the dual vector and 1 is the unit vector. For primes p
such that d|(p−1) this simplifies and the local L-function factors of the twisted
omega motive of charge (Q− 1) take the form LQ−1Ω,p (X, s) = (PΩ,Q−1p (p−s))−1
with
PΩ,Q−1p (t) = 1 + β(p)p−(Q−1)t + pn−2(Q−1)t2,
where β(p) = jp(αΩ) + jp(α¯Ω).
6.1. The cubic Fermat sevenfold X37 .
6.1.1. The motivic L-function. For the cubic Fermat sevenfold the Hodge
decomposition takes the form hi,i(X37 ) = 1, i = 0, 1, 2, 3 with all other h
i,j(X37 ) =
0 for i, j < 4, i 6= j. The intermediate cohomology decomposes as in (1.2),
i.e. we have Q = 3 and Dcrit = 3. The zeta function therefore has the form
Z(X37/Fp, t) = P7p (t)/
∏7
i=0(1− pit), leading to the L-function
(6.10) L(X37 , s) :=
∏
p
1/P7p (p−s).
The cyclotomic field defined by this manifold is Q(µ3), hence we have
Gal(Q(µ3)/Q) = (Z/3Z)
×, and the L-series of the Ω−motive of X37 can
therefore be computed from the orbit of the Jacobi sums jp(αΩ) of length
two, with αΩ =
1
3
(1, 1, 1, 1, 1, 1, 1, 1, 1). The L-series of the twisted Ω−motive
of charge two of X37 is defined as L
2
Ω(X
3
7 , s) =
∏
p 1/PΩ,2p (p−s) with PΩ,2p (t) =
12 SAVAN KHAREL, MONIKA LYNKER, AND ROLF SCHIMMRIGK
1+apt+p
3t2 for n|(p−1), β(p) = (jp(αΩ)+ j¯p(αΩ)) and ap = β(p)/p2 because
the Tate twist is of charge two. The computation of these sums for the first
few nontrivial primes is sufficient to determine the L-function of the Tate
twisted Ω−motive
(6.11) L2Ω(X
3
7 , s)
.
= 1 +
20
7s
− 70
13s
+
56
19s
+
308
31s
+ · · ·
and the associated q−series
(6.12) f 2Ω(X
3
7 , q)
.
= q + 20q7 − 70q13 + 56q19 + 308q31 + · · ·
completely.
It will become clear below that this q−series describes a modular cusp
form of weight four and modular level nine with respect to the Hecke congru-
ence group.
It was suggested in [26, 6, 27] that the cubic Fermat sevenfold can be
interpreted as a geometric model associated to the tensor model 1⊗9 of nine
copies of N = 2 superconformal models [8]. If this is indeed the case, then we
would expect, in analogy to the results obtained in [33, 23, 29, 30, 31, 32],
that we can express the q−series of the Ω−motive in terms of the Hecke
indefinite modular forms Θkℓ,m(τ) associated to the underlying conformal field
theory model. At the affine level k = 1 there is a single such form, hence this
is a make or break situation which is very constrained, much like the first
example established in this framework [33]. It turns out that the geometric
modular form of the Ω−motive of the cubic sevenfold does admit a string
theoretic interpretation. There are several ways this can be described. The
most direct is that the modular form f 2Ω(X
3
7 , q) can be written as
(6.13) f 2Ω(X
3
7 , q) = Θ
1
1,1(q
3)4 ∈ S4(Γ0(9)).
This modular form has the expected weight of a Calabi-Yau threefold, con-
sistent with the central charge of the model. The absence of a twist character
in this result is consistent with the fact that the field of quantum dimensions
of the underlying field theory is trivial [28].
6.1.2. CM interpretation of the L-series and modularity. The motivic mod-
ular form f 2Ω(X
3
7 , q) of the cubic sevenfold is a form with complex multipli-
cation by the Eisenstein field Q(
√−3), and therefore can be described by
a Hecke character associated to this field. Define a character ψ27 by the
following congruence condition
(6.14) ψ27(p) = αp, αp ≡ 1(mod 3),
where the generator of the prime ideal p = (αp) is determined uniquely by
the congruence constraint. As described in the previous section, associated
to any Hecke character ψ is a Hecke series L(ψ, s), and we find
(6.15) L2Ω(X
3
7 , s) = L(ψ
3
27, s).
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It follows from Hecke’s theorem that the q−series of this L-function is mod-
ular, hence the data provided above is sufficient to prove that the Mellin
transform of the L-function L2Ω(X
3
7 , s) is a modular form, and therefore the
Tate twisted Ω−motive of the cubic sevenfold is modular.
This result shows that the basic arithmetic building block of the cubic
sevenfold is the elliptic cubic Fermat curve
(6.16) E3 =
{
(z0 : z1 : z2) ∈ P2 | z30 + z31 + z32 = 0
}
.
The Hasse-Weil L-series of E3 agrees with the L-series of the algebraic Hecke
character ψ27
(6.17) LHW(E
3, s) = L(ψ27, s).
The Mellin transform of LHW(E
3, s) has weight 2 and level 27, and it factors
into string theoretically induced modular forms as [33]
(6.18) f(E3, q) = Θ11,1(q
3)Θ11,1(q
9).
This proves the part of Theorem 1 concerned with the cubic Fermat sevenfold.
The relation between twisted Ω−motivic L-series of X37 and the L-series of
the elliptic curve E3 that follows from these considerations can be formulated
in a more direct way. Consider the expansions L2Ω(X
3
7 , s) =
∑
n ann
−s for
the sevenfold, and LHW(E
3, s) =
∑
n bnn
−s for the elliptic curve. The Hecke
character interpretation means that ap = α
3
p
+ α¯3
p
and bp = αp+ α¯p. Therefore
(6.19) ap = b
3
p − 3pbp.
6.1.3. X37 as the mirror of a rigid Calabi-Yau variety. The fact that the
CM character of the elliptic curve E3 ⊂ P2 is the building block of the L-
function of the cubic sevenfold suggests that its Ω−motivic L-function should
be identical to that of the resolution of a quotient of the triple product (E3)3
which produces the correct mirror cohomology of the critical part of the spec-
trum of the sevenfold. Such a quotient variety can be obtained by considering
the Z3 × Z3 action defined on (E3)3 as
(6.20) Z3 × Z3 ∋ g1 × g2 :
[
1 0 0 0 0 0 2 0 0
0 0 0 1 0 0 2 0 0
]
with obvious notation for the generators g1, g2. The resolution X
3
3 of the
quotient variety (E3)3/Z3 × Z3 is rigid and has h1,1(X33 ) = 84, as needed for
the mirror cohomology of the relevant part of the cohomology of the sevenfold.
Higher dimensional varieties defined by the resolution of quotients of the type
En/G, for elliptic curves and certain finite groups G were considered by Cynk
and Hulek [7].
Theorem 6. Let n ∈ N be an odd integer, E be the elliptic curve with an
automorphism of order 3, and denote by X¯n the quotient of E
n by the action
14 SAVAN KHAREL, MONIKA LYNKER, AND ROLF SCHIMMRIGK
of the group{
(ξa1 × · · · × ξan) ∈ End(En) |
n∑
i=1
ai = 0(mod 3)
}
.
Then X¯n has a smooth model Xn, which is a Calabi-Yau manifold such that
dim Hn(Xn) = 2 and L(Xn, s)
·
= L(gn+1, s), where gn+1 is the weight n + 1
cusp form with complex multiplication by Q(
√−3), associated to the nth power
of the Gro¨ßencharacter of E.
It follows by combining this result with those of Theorem 1 that the L-
function of the Ω−motive of the cubic sevenfold, with a Tate twist of charge
two, is identical to the L-function of the intermediate cohomology of the
variety X33 . This completes the proof of the part of Theorem 2 concerned
with the cubic Fermat sevenfold.
6.1.4. Relatives and correspondences. The agreement between the motivic
L-function of X37 and the L-function of the intermediate cohomology of X
3
3
identifies these two varieties as ”relatives” in the sense of ref. [13]. A variety
X1 with a 2-dimensional Galois representation ρ1 is defined to be a relative
of a variety X2 if ρ1 occurs in the cohomology of X2. This notion identifies
X33 as a relative of X
3
7 . Other relatives of Calabi-Yau type for X
3
3 have been
considered by van Geemen in [42], Saito-Yui01 [25], Verrill [39], and Yui [43].
A stronger relation is predicted by the Tate conjecture, which in the
present context can be formulated as a statement that an isomorphism be-
tween two 2-dimensional Galois representations which occur in the e´tale coho-
mology of two varieties defined over Q should be induced by a correspondence
between the two varieties defined over Q, i.e. there should be an algebraic
cycle on the product of the two varieties [43]. The Tate conjecture therefore
implies that there should exist a correspondence between X33 and X
3
7 . An
explicit construction of such a correspondence should provide better insight
into the precise relation between the pair of manifolds (X37 , X
3
3 ).
The fact that physically the L-function is determined by the modular form
Θ11,1(τ) of the underlying conformal field theory on the worldsheet leads to
the conclusion that from a fourdimensional point of view these two varieties
contain motivic sectors that are indistinguishable.
6.2. The quartic Brieskorn-Pham fivefold X45 .
6.2.1. The L-series of the Ω−motive. The quartic fivefold X45 defined in
(1.3) has a Hodge decomposition of the form hi,i(X45 ) = 1, i = 0, 1, 2, with
all other H i,j(X45 ) = 0 for i, j < 5 and i 6= j. The decomposition of the
intermediate cohomology group is given by (1.4), i.e. Q = 2 and Dcrit = 3.
The congruence zeta function therefore takes the form Z(X45/Fp, t) =
P5p (t)/
∏5
i=0(1 − pit), leading to the L-function L(X45 , s) =
∏
p(P5p (p−s))−1.
We are interested in the factor describing the twisted Ω−motive of charge one,
which is determined by the Jacobi sums jp(αΩ) with αΩ =
1
4
(1, 1, 1, 1, 1, 1, 2).
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The computation of the first few Jacobi sums for low primes leads to the
q−expansion of the L-function of the twisted Ω−motive of the quartic fivefold
given by
(6.21) f 1Ω(X
4
5 , q)
.
= q − 22q5 + 18q13 − 94q17 + 130q29 + · · ·
This is a modular cusp form of weight four and level 64, f 1Ω(X
4
5 , q) ∈ S4(Γ0(64)).
6.2.2. CM interpretation of the L-series and modularity. The motivic mod-
ular form f 1Ω(X
4
5 , q) has CM by the Gauss field Q(
√−1), and therefore can
be described by a Hecke character associated to this field as well. Consider
the twisted character ψ64 = ψ32χ2 where ψ32 is defined by
(6.22) ψ32(p) = αp, αp ≡ 1(mod (2 + 2i)),
where the generator of the prime ideal p = (αp) is determined uniquely by
the constraint.
The Hecke series associated to ψ64 then is again the building block of the
geometric L-series
(6.23) L1Ω(X
4
5 , s) = L(ψ
3
64, s)
hence modularity of this L-function follows. Similar to the cubic sevenfold
this result shows that the quartic fivefold has an elliptic building block, in
this case the Brieskorn-Pham type curve
(6.24) E4 =
{
(z0 : z1 : z2) ∈ P(1,1,2)
∣∣∣ z40 + z41 + z22 = 0} .
It can be checked that the Hasse-Weil L-series of E4 is determined by the
character ψ64
(6.25) LHW(E
4, s) = L(ψ64, s)
and it was shown in [23] that the Mellin transform of LHW(E
4, s) factors into
string theoretic Hecke indefinite modular forms as
(6.26) f(E4, q) = Θ21,1(q
4)2 ⊗ χ2.
This completes the proof of Theorem 1.
6.2.3. A rigid Calabi-Yau mirror. The appearance of the quartic elliptic
curve E4 again suggests to consider a resolved quotient of the triple product
(E4)3, defined by some discrete symmetry group action such that the resolved
manifold has a Hodge decomposition that is mirror to the critical part of the
spectrum of the quartic fivefold. It turns out that the group that produces
such a resolution is given by Z4 × Z4, with the action
(6.27) Z4 × Z4 ∋ g1 × g2 :
[
1 0 0 0 0 0 3 0 0
0 0 0 1 0 0 3 0 0
]
.
Denote by X43 the resolution of the quotient variety (E
4)3/Z4 × Z4. This is
a rigid Calabi-Yau variety which has h1,1(X43 ) = 90, as needed for the mirror
cohomology of the relevant part of the cohomology of the fivefold. Again we
can apply result of Cynk and Hulek [7] to the mirror just constructed.
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Theorem 7. Let n ∈ N be an odd integer, E be the elliptic curve with an
automorphism of order 4, and denote by X¯n the quotient of E
n by the action
of the group{
(ξa1 × · · · × ξan) ∈ End(En) |
n∑
i=1
ai = 0(mod 4)
}
.
Then X¯n has a smooth model Xn, which is a Calabi-Yau manifold such that
dim Hn(Xn) = 2 and L(Xn, s)
·
= L(gn+1, s), where gn+1 is the weight n + 1
cusp form with complex multiplication by Q(
√−1), associated to the nth power
of the Gro¨ßencharakter of E.
It follows from Theorems 1 and 7 that the L-functions of the quartic
fivefold and the varietyX43 are identical. This completes the proof of Theorem
2.
6.2.4. Relatives and correspondences. As in the case of the mirror pair
(X37 , X
3
3 ), the pair of varieties (X
4
5 , X
4
3 ) form a pair of relatives in that the
Galois representation of X43 is contained in the cohomology of the quartic
fivefold. Again, the Tate conjecture implies that there is a correspondence
between X45 and X
4
3 . The fact that the L-function has a physical interpre-
tation in terms of the worldsheet modular form Θ21,1(τ) leads again to the
conclusion that from a low energy perspective the corresponding motives of
these two varieties are indistinguishable.
7. A special Fano variety of critical dimension two
7.1. Arithmetic of the cubic Fermat fourfold X34 . The relation be-
tween special Fano varieties and critical string models manifolds exists in
all dimensions. An interesting lower-dimensional case is that of K3 surfaces.
Among the Gepner models there exists an example that is the direct analog
of the cubic 7−fold, defined by the cubic fourfold (1.9). The Hodge diamond
structure of this variety is hi,i(X34 ) = 1, i = 0, 1, with all other H
i,j(X34 ) = 0
for i, j < 4 and i 6= j, while the intermediate cohomology group decomposes
as described above in eq. (1.10), i.e. Q = 2 and Dcrit = 2.
The middle dimensional cohomology therefore is that of the K3 surface,
modulo the sector inherited from the ambient space P5. The zeta function of
this cubic fourfold therefore takes the form
(7.1) Z(X34 , t) =
1
(1− t)(1− pt)P(p)4 (t)(1− p3t)(1− p4t)
,
and it is natural to ask whether the Ω−motive of this variety leads to the
L-function of an Ω−motive of K3-type.
The Galois group associated to this variety is again (Z/3Z)× and the
computation of the Tate twisted Ω−motive obtained from the Jacobi sums
jp(αΩ) with αΩ =
1
3
(1, 1, 1, 1) leads to q−expansion
(7.2) f 1Ω(X
3
4 , q)
.
= q − 13q7 − q13 + 11q19 − 46q31 + · · ·
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This series describes a weight 3 modular form of level 27 which can be de-
scribed in closed form as
(7.3) f 1Ω(X
3
4 , q) = ϑ(q
3)Θ11,1(q
3)Θ11,1(q
9) ∈ S3(Γ0(27)),
where ϑ(q) is the Eisenstein series
(7.4) ϑ(q) =
∑
z∈OK
qNz
associated to the field K = Q(
√−3).
It was shown in [30] that (7.2) is precisely the form which describes the
Mellin transform of the L-series of the Ω−motive of the degree six K3 surface
(7.5) S6 =
{
(z0 : · · · z3) ∈ P(1,1,1,3)
∣∣∣ z60 + z61 + z62 + z23 = 0} .
Hence we have
(7.6) f 1Ω(X
3
4 , q) = fΩ(S
6, q).
It is therefore natural to ask whether these two varieties can be related in
some explicit way. This can be analyzed via the twist map.
7.2. Twist map construction. In the notation of [15, 14] consider the
map
(7.7) Φ : P(w0,...,wm) × P(v0,...,vn) −→ P(v0w1,...,v0wm,w0v1,...,w0vn)
defined as
((x0, ..., xm), (y0, ..., yn) 7→ (yw1/w00 x1, ..., ywm/w00 xm, xv1/v00 y1, ..., xvn/v00 yn)
=: (z1, ..., zm, t1, ..., tn).(7.8)
This map restricts on the subvarieties
X1 = {xℓ0 + p(xi) = 0} ⊂ P(w0,...,wm)
X2 = {yℓ0 + q(yj) = 0} ⊂ P(v0,...,vn)(7.9)
to the hypersurface
(7.10) X = {p(zi)− q(tj) = 0} ⊂ P(v0w1,...,v0wm,w0v1,...,w0vn)
as a finite map. The degrees of the hypersurfaces Xi are given by
(7.11) deg X1 = w0ℓ, deg X2 = v0ℓ,
leading to the degree deg X = v0w0ℓ.
Applying this construction to the hypersurfaces
(7.12) S6± =
{
(z0 : · · · z3) ∈ P(1,1,1,3)
∣∣∣ z60 + z61 + z62 ± z23 = 0}
leads to the cubic fourfold embedded in P5, explaining geometrically the L-
function result.
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7.3. CM interpretation of the L-series and modularity. The mod-
ular form f 1Ω(X
3
4 , q) of the twisted omega motive of the cubic fourfold has
complex multiplication by the Eisenstein field Q(
√−3) with the same under-
lying basic character ψ27 defined in (6.14) as the cubic sevenfold, except that
in the present case we have to consider the square of the character
(7.13) L1Ω(X
3
4 , s) = L(ψ
2
27, s).
Hence the Ω−motive of the cubic fourfold is modular. The basic arithmetic
building block is again the elliptic curve E3, described in string theoretic
terms in §6.
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